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Two different quasiparticle scattering rates in vortex line liquid phase of layered
d-wave superconductors
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Department of Physics and Astronomy, University of North Carolina, Chapel Hill, NC 27599
We carry out a quantum mechanical analysis of the behavior of nodal quasiparticles in the vortex
line liquid phase of planar d-wave superconductors. Applying a novel path integral technique we
calculate a number of experimentally relevant observables and demonstrate that in the low-field
regime the quasiparticle scattering rates deduced from photoemission and thermal transport data
can be markedly different from that extracted from tunneling, specific heat, superfluid stiffness or
spin-lattice relaxation time.
In recent years, the physics of nodal quasiparticles
in planar d-wave superconductors such as the high-Tc
cuprates has attracted a lot of both, theoretical and ex-
perimental, attention. The spectroscopic and transport
properties of these Dirac-like quasiparticles with a linear
dispersion have been studied in quite some detail, and
elaborate analyses of various mechanisms of elastic scat-
tering in the uniform superconducting state have been
carried out, including the effects of potential [1], Kondo-
like [2], and extended impurities [3] as well as twin bound-
aries [4].
In the mixed state, the recent quantum mechanical
generalization of the earlier semiclassical approach [5]
proposed in Ref. [6] allows one to account for the non-
uniformity of the local d-wave order parameter ∆p(r) =
∆cos(2θp) exp(iφ(r)) by means of a singular gauge trans-
formation from the physical electrons cσ(r) of spin σ to
the new fermionic quasiparticles. Unlike electrons, the
latter are subject to the effective magnetic field with zero
mean which, besides the physical field, also includes the
supercurrent circulating outside vortex cores.
Applying the gauge transformation of Ref. [6] to the
electronic states with energies small compared to the
maximum gap one can represent them in terms of the
Nambu operators creating the auxiliary fermions with
the momenta near the nodes of ∆p(r)(
cσ(r)
c†−σ(r)
)
=
∑
n=1,2;±
e±ik
n
F r
(
eiφA(r)unσ(r)
e−iφB(r)vnσ(r)
)
, (1)
where n = 1, 2 labels the pairs of the opposite nodes,
while the choice of the phases φA,B(r) is only restricted
by the condition φA(r) + φB(r) = φ(r).
In the case of a regular vortex lattice, the representa-
tion (1) was used to demonstrate that the structure of
the quasiparticle energy spectrum is that of the energy
bands, rather than the Landau levels [7].
In the present paper, we extend the analysis based
on the representation (1) to the experimentally well-
documented vortex line liquid (VLL) phase [8] where
the vortices are distributed totally randomly due to their
strong pinning by columnar or other defects.
Any disorder, including that induced by random vor-
tices, is expected to affect the behavior of the d-wave
quasiparticles most strongly at the lowest energies, pos-
sibly resulting in the complete quasiparticle localization
which, however, is still awaiting for experimental confir-
mation [9]. In what follows, we focus on the ballistic
regime of quasiparticle energies large compared to the
localization scale (see below) which is readily accessible
by a number of standard probes such as angular-resolved
photoemission (ARPES), thermal transport, tunneling,
specific heat, muon spin rotation (µSR), and spin-lattice
relaxation.
In the quantum-mechanical approach of Ref. [6], the
combined effect of external magnetic field H = ∇×A(r)
and swirling supercurrent characterized by the super-
fluid velocity vs(r) =
h¯
2 (∇φA + ∇φB) − ecA does not
amount solely to the semiclassical Doppler shift ǫ →
ǫ − kFvs(r) of the quasiparticle energies [5]. The latter
is to be complemented by the vector potential, a(r) =
h¯
2 (∇φA − ∇φB), that couples to the quasiparticles via
their momentum, k → k − a(r), and accounts for the
quantum mechanical Berry phase corresponding to their
Bohm-Aharonov (BA) scattering by the vortices. Thus,
the complete Hamiltonian of the non-interacting nodal
quasiparticles contains both the scalar- and the vector-
like random terms
H =
∑
n,σ
∫
drψσ[γˆ0k
n
Fvs(r) + viγˆi(pi − ai(r))]ψσ . (2)
In Eq.(2), we used the 4 × 4 representation for the ma-
trices γˆµ = (σˆ2, iσˆ1, iσˆ3) ⊗ σˆ3 acting in the space of
the Dirac bi-spinors composed of the Nambu spinors:
ψσ = [(u1σ, ǫσσ′v1σ′ ), (u2σ, ǫσσ′v2σ′)(σˆ1 + σˆ3)/
√
2].
In order to keep our discussion and formulas relatively
simple we consider the case of isotropic quasiparticle dis-
persion and use the units where vi = hc/2e = kB = 1.
Moreover, because of the predominantly small-angle na-
ture of the quasiparticle scattering by the vortices we
choose to neglect the processes of inter-node scattering.
While anticipating that neither of these simplifying as-
sumptions will affect our main conclusions, we recognize
that a combination of the above factors in the case of the
real cuprates may give rise to an additional one-to-two
dimensional crossover regime [10].
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As in the previous studies of the VLL phase [11], we
average over different vortex configurations by assuming
the Gaussian distributions
〈gi(v,a)(q)gj(v,a)(−q)〉 = w(v,a)(q)
(
δij − qiqj
q2
)
, (3)
for both gv = vs and ga = a. The striking difference
between wv(q) = α/(q
2 + α) and wa(q) = α/q
2 which
are both proportional to the areal density of vortices
α = 2πH reflects the presence of screening for the scalar-
like Doppler potential and its absence for the vector-like
BA scattering. The longitudinal (∝ qiqj/q2) part of the
correlator (3) proves to contribute negligibly to all the
quantities of interest (besides, it is suppressed by the
Coulomb interactions).
In contrast to the previous analyses which focused
solely on the effect of Doppler scattering [11], we find
that vortex disorder has a profound effect on the quasi-
particle spectrum which can not be adequately modelled
by a constant quasiparticle width. In order to illustrate
this point, we apply the standard self-consistent Born
equation
Σ(ǫ,p) =
∫
dq
(2π)2
ǫ+Σ(ǫ,q)
q2 − (ǫ+Σ(ǫ,q))2w(v,a)(p+ q) (4)
to the separate contributions of the two scattering mecha-
nisms towards the total quasiparticle width ImΣv+ImΣa.
In the case of scalar disorder Eq.(4) yields ImΣv ∝ α1/2
for small energies and momenta (ǫ, p <∼ α1/2) while at
max(ǫ, p) ≫ α1/2 it behaves as ∝ α/max(ǫ, p) which
dominates over the scattering by the vortex cores whose
rate is estimated as ∝ α/∆.
At first sight, the effect of the BA scattering may seem
to be much stronger, since a naive solution Σa of Eq.(4)
with the singular kernel wa(q) is plagued with a logarith-
mic infrared divergence of the momentum integral.
In order to avoid this spurious divergence which stems
from the non-gauge invariant nature of the auxiliary
fermion propagator one has to proceed directly with com-
puting the manifestly gauge-invariant (retarded) Green
function of the physical electrons
GR(ǫ, r) =
∫ ∞
0
dteiǫt〈c(t, r)c†(0,0)〉 =
∑
n=1,2;±
e±ik
n
F r
〈ψn(r) exp[−i
∫
C
(vs + aσ3 ⊗ 1)dr′]ψn(0)〉. (5)
It turns out that the exponential decay of this function
(see below) makes it largely independent of the contour
C which can then be chosen as the straight path between
the end points r and 0.
To compute the amplitude (5) we apply the path-
integral representation of Ref. [12] to the propagator of
the auxiliary Dirac fermions. First, for a fixed vortex
configuration, we cast Eq.(5) in the form of a functional
integral over the space-time coordinate r(τ) and the con-
jugate momentum p(τ) parameterized by the proper time
τ
GR(ǫ, r |vs, a) =
∫ ∞
0
dτ
∫ r(τ)=r
r(0)=0
DrDp eiSˆ0[τ ]
exp[i
∫ τ
0
dτ ′(kFvs +
dr
dτ
a)− i
∫
C
(vs + a)dr
′)], (6)
where we dropped, for the sake of compactness, the sum
over the nodal points and introduced the free fermion
action
Sˆ0[τ ] =
∫ τ
0
dτ ′[ǫγˆ0 + p(
dr
dτ ′
− γˆ)]. (7)
Averaging over the disorder variables vs and a with
the use of Eq.(3) results in the electron Green func-
tion GR(ǫ, r) = 〈GR(ǫ, r|vs, a)〉 which is given by Eq.(6)
where, instead of the exponential phase factor, the inte-
grand contains a product of two attenuation factors
W(v,a)[r(τ)] = exp[−
1
2
∫
dq
(2π)2
∫ τ
0
dτ1
∫ τ
0
dτ2
ui(τ1)ui(τ2)w(v,a)(q)e
iq(r(τ1)−r(τ2))], (8)
with uv = vF − r/τ and ua = dr/dτ − r/τ . Thus, the
presence of the exponent of the line interal taken along
the contourC in Eq.(5) strongly reduces the effect of both
a and vs, as compared to the case of the gauge-variant
propagator of the auxiliary fermions. This observation
seems to have been overlooked in the earlier studies of
this and related problems where the phase factor in ques-
tion would either not appear at all [13] or be averaged
separately from the fermion propagator computed in a
different approximation [14].
Proceeding along the lines of the previous analyses of
the problem of non-relativistic fermions subject to a ran-
dom vector potential [15], one can show that in the bal-
listic regime (which in the present case is defined by the
condition ǫ≫ α1/2) the path integral (6) is dominated by
the fermion trajectories which only slightly depart from
the straight line r0(τ) = vτ . Evaluating the factor Wv
for such a trajectory, one obtains
Wv[r(τ)] ≈ exp
[
−r
(√
τ
r
−
√
r
τ
)2 ∫ ∞
0
dq
2π
wv(q)
]
, (9)
while the integral in Wa turns out to be proportional to
the so-called Amperian area of the closed contour com-
posed of a fermion trajectory r(τ) and the ”return” path
−r0(τ). Although this purely geometrical term vanishes
for the saddle-point trajectory r(τ) = r0(τ), its expan-
sion to first order in the transverse deviation r⊥(τ) yields
2
Wa[r(τ)] ≈ exp[−α
2
∫ τ
0
dτ ′|r⊥(τ ′)|]. (10)
By analogy with the non-relativistic problem studied in
Refs. [15] the path integral (6) with the Wi factors given
by Eqs.(9) and (10) can be related to the resolvent of the
Schroedinger equation describing the transverse motion
of the Dirac fermion[
∂2x + (ǫ
2 − q2) + (α ǫ /q)2 (|x|+ x0))2 + iα signx
]
×g(ǫ, q|x, x′) = δ(x − x′), (11)
where x0 = (
√
|ǫ/q| −
√
|q/ǫ|)2/2α1/2.
By analogy with the results of Refs. [15] the averaged
physical electron propagatorGR(ǫ,p) can be obtained by
convoluting the kernel 1/(p2 − q2)3/2 with the solution
of (11) taken at x = x′ = 0 which is given by the formula
g(ǫ, q|0, 0) =
[
d
dx
ln(U+U−)
]−1
x=0
(12)
where U± = U (a±, λ[x0 ± x]) is the parabolic cylinder
function of the parameter a± = (ǫ
2 − q2 ± iα)/λ2 and
λ = (2iα|ǫ/q|)1/2.
Turning now to the applications of Eq.(5), we first dis-
cuss the electron spectral function satisfying the disper-
sion relation GR(ǫ,p) =
∫
A(ǫ′,p)dǫ′/π(ǫ−ǫ′+ iδ). Near
the maximum, |ǫ2−p2| <∼ α, it can be shown to take the
form
A(ǫ,p) ≈ (ǫγˆ0 − pγˆ)
√
β
[(ǫ2 − p2)2 + β2(1 + (|ǫ/p| − 1)4/4)]3/4 (13)
where β ≈ πα/8, thereby demonstrating a replacement
of the bare pole by a branch cut of the function (z−z0)3/2
resulting from the above convolution procedure. Accord-
ing to Eq.(13), the decay of the electron propagator in
real space (GR(ǫ, r) ∝ ǫ(Γ/r)1/2e−Γr for r ≫ 1/Γ) is gov-
erned by Γ(ǫ) ∝ α/ǫ which should be thought of as the
actual (energy-dependent) quasiparticle width.
This direct experimenta prediction can be tested by
performing ARPES measurements in the VLL phase of
the cuprates under the weak-field conditions (
√
H ≪
T ≪ ∆).
Also, comparing Eq.(13) with the estimate for ImΣv
obtained from Eq.(4), we conclude that in the ballistic
regime both the BA and the Doppler scattering mech-
anisms appear to be equally important, contrary to the
conclusions drawn in Ref. [16].
Next, we compute thermal conductivity given by the
averaged product of two electron propagators
κxx =
∫ ∞
0
(ǫ/T )2dǫ
cosh2(ǫ/2T )
∫
dr
2π
Tr〈γˆ1GA(ǫ, r)γˆ1GR(ǫ,−r)〉.
(14)
The corresponding path integral reads as
〈γˆGA(ǫ, r)γˆGR(ǫ,−r)〉 =
∫ ∞
0
dτ1dτ2
∫ r1,2(τ1,2)=±r
r1,2(0)=0∏
α,β=1,2
DrαDpβ γˆe
iSˆ0[τ1]γˆeiSˆ0[τ2]
∏
i=a,v
Wi(rα − rβ), (15)
where the factors Wi(rα − rβ) with α 6= β account
for the vertex corrections, alongside the self-energy ones
(α = β). Thus, the path-integral method of comput-
ing the Dirac fermion conductivity is capable of pro-
ceeding beyond the conventional (non-crossing and fan-
shaped) ladder series of the vertex corrections to the bare
fermion bubble (the latter suffice only if the number N
of the Dirac species is large, while in the d-wave problem
N =
∑
σ 1 = 2).
Upon integrating over the ”center of mass” variables
r1 + r2 and p1 + p2 and rescaling the ones describing
relative motion, we again arrive at Eq.(11). This time
around, it is formulated in terms of the transverse rela-
tive coordinate (r1⊥ − r2⊥), and its solution yields the
average 〈GAGR〉 ∝ ǫ(Γtr/r)1/2e−Γtrr, where Γtr = 2Γ is
now playing the role of the momentum relaxation rate, in
agreement with the above estimate for the quasiparticle
spectral width. Plugging this asymptote into Eq.(14) we
find that in the low-field regime the thermal conductivity
behaves as
κxx(T,H) ≃ 7π
2
15
T 3
H
. (16)
While being in agreement with the estimate based on the
kinetic equation κ ∝ Tν/Γtr proportional to the linear
density of states (DOS) ν ∝ T and Γtr ∝ H/T , Eq.(16)
is strikingly different from the result (κ ∝ T 2/H1/2) that
one would obtain by naively assuming that the quasi-
particle width remains constant (Γ′ ∝ H1/2) up to the
energies ǫ ∼ T (cf. with Refs. [11]).
The analysis of the data of Ref. [17] taken in
Y Ba2Cu3O6.99 shows that Eq.(16) should be expected
to hold for T < 30K and 0.1 <∼
√
H/T <∼ 1 where the
vortex-induced Γtr dominates over the other mechanisms
of scattering, including potential impurities.
Our approach also enables one to compute other av-
erages, such as 〈GRGR〉 ∝ ǫ(Γtr/r)1/2e2iǫr−Γtrr, which
controls the effect of vortex disorder on superfluid stiff-
ness measured by µSR
ρs(0)− ρs(T ) = 1
πkF
Im
∫
dǫ tanh
( ǫ
2T
)
(17)
∫
drTr〈GR(ǫ, r)GR(ǫ,−r)〉 ≃ 2 ln 2
π
T +
H
8πT
ln
T 2
H
,
Notably, in contrast to the spectral and transport charac-
teristics whose behavior is determined by the structure of
the electron spectral function near its maximum, Eq.(17)
3
is governed by the overall momentum integral of the so-
lution of the two-particle analog of Eq.(11).
This behavior is common amongst the thermodynamic
quantities associated with the averages of local bi-linear
operators ψσ(r)ψσ′ (r) which are invariant under the
gauge transformation (1). In fact, such averages as, e.g.,
GR(ǫ,0) must be computed differently, since now the tra-
jectories contributing to the path integral (6) may devi-
ate very strongly from the semiclassical one, r0(τ) = 0,
although the mean square of the distance over which a
typical trajectory r(τ) ventures from the origin still scales
quadratically with time, 〈r2(τ)〉 ∝ τ2. For 1/∆ <∼ τ this
allows one to evaluate the damping factors as
Wi[r(τ)] ≈ exp
[
−τ
2
2
∫
dq
(2π)2
wi(q)
]
. (18)
Plugging (18) instead of (8) into (6) and computing the
resulting (quadratic) path-integral, we arrive at the cor-
rection to the linear DOS corresponding to the clean limit
ν(ǫ) = ImTr
[
γˆ0G
R(ǫ,0)
]
=
σH
π3/2
F
(
ǫ
σH
)
, (19)
where σ2H ∝ H ln(∆2/H) and F(x) = π1/2xErf(x) +
exp(−x2). The effect of vortex disorder is most pro-
nounced at small energies ǫ <∼ H1/2, and it appears to
be stronger than in the semiclassical (Doppler-only) ap-
proximation (cf. with [18]).
Directly, this DOS correction can be extracted from the
tunneling conductance G(V ) ∝ ν(V ). Indirectly, it can
also be manifested through the correction to electronic
specific heat
C(T ) =
∫ ∞
0
(ǫ/T )2ν(ǫ)dǫ
cosh2(ǫ/2T )
≃ 18ζ(3)T
2
π
+
σ4H
16πT 2
(20)
Notably, the correction ∆C ∝ H2 ln(∆2/H)/T 2 is
smaller than the result (∆C ∝ H) obtained under in
the situation where the inter-vortex repulsion is stronger
than random pinning, and therefore the VLL is partially
ordered [18].
Although the smallness of the disorder-induced term
in Eq.(20) might hinder its detection, an alternate possi-
bility is offered by the spin-lattice relaxation time
1
T1(T )
∝
∫ ∞
0
ν2(ǫ)dǫ
cosh2(ǫ/2T )
≃ 2
3
T 3 +
σ3H
3π5/2
, (21)
where we dropped the overall prefactor proportional to
the ion-specific matrix elements.
In summary, we carried out a fully quantum mechnical
analysis of the quasiparticle properties of the VLL phase
of layered d-wave superconductors. We demonstrated
that both the semiclassical Doppler shift and the intrin-
sically quantum mechanical BA scattering have compa-
rable effects on all the observables. Our path-integral
approach enabled us to identify the energy-dependent
effective quasiparticle width Γ(ǫ) ∝ H/ǫ describing the
near-maximum (ǫ2 ≈ p2) behavior of the distinctly non-
Lorentzian electron spectral function which can be di-
rectly measured by ARPES.
Also, we exposed the striking difference between the
two rates: Γtr ∼ Γ(T ) ∝ H/T displayed by the transport
characteristics and Γ′ ∼ Γ(H1/2) ∝ H1/2 manifested by
tunneling and thermodynamic quantities.
In contrast, the real-space averaging procedure applied
in the previous studies of the disordered vortex states
[18] is bound to deliver the latter rate, because, focusing
solely on the energy distribution, it does not faithfully
represent the momentum dispersion of the averaged elec-
tron spectral function.
We emphasize that the origin (that is, a non-trivial en-
ergy dependence) of the different apparent quasiparticle
rates, as revealed by the different measurements, must
be distinguished from the conventional juxtaposition of
quasiparticle lifetime versus transport time in, e.g., pho-
toemission and transport experiments.
We expect that, albeit derived under a number of sim-
plifying assumptions, our main conclusions are robust
against including such factors as spatial anisotropy and
non-linearity of the fermion dispersion as well as inter-
node scattering and, most importantly, modifying the
distributions (3) with the purpose of describing partially
ordered ”vortex glass” states [18].
Lastly, the results of this paper can also be used to
describe the effects of thermal phase fluctuations con-
trolled by α ∝ T in the pseudogap phase of the cuprates
[13,14]. To this end, we predict that different mea-
surements may return different values of the effective
quasiparticle width, which might explain the inconsis-
tency between the widths deduced from the tunneling
and ARPES data [13].
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